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ABSTHACT

) / 5,/?0
Tre results of anﬁ%§§lysis of a coning damper control system fo; the Kebound
spacecrafé}is the sutject of this report. [he coning damger effectively main-
taine a deaired spatial orientation of the spinning spacecraft. During coast
pericds it senses coning motion about the angular momentum vector and adds
energy to the vehicle to owercome energy logses from internal vibration. It
alsc reduces coning due to tipoff rates or any other coning angle sources.

Included in the report is an analysis of externsl disturbing infiuences affect-
ing the vehicle spatial orientation. These disturbances are outside of the in-
fluence of the control system, A 3eparate ssction of the report is devcted to
an alternate control scheme employing an attitude gyro as the conmtroller.

e
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PREFACE

This report was prepared for the National Aeronautics and Space Administrticn
as required on Contract NASS-129L, The study wes performed by the Guidance
and Control Section of the Space Systems Engineering Division of Douglas Air~
craft Company, Inc. The study period extended {rom January through March,
1962.
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SECTICN I
INTRODUCTICN

The nature of the Kebtound mission requires that the attitude of the upace~
craft between injections of tne cannister assemblies be very closely con-
trolled. The present design of the hebound system has assumed that the
Agena-B, the second stage of the boost vehicle, remains attached to the
spacecraft after burnout, and furnishes attitude control for the space-

craft in the transfer crbit. This stage uses a horizon scanner and a gvro
compassing scheme for the attitude reference and uses a cold gas jet sys-
tem for contrci. The present Agena-B would seriously degrade the spacecraft
accuracy due Yo its inakility to waintain the required attitude tolerances
and the effect of energy added to the transfer orbit from its gas jet system.

An alternate approach toward mesting these system requirements on attitude
and energy change is to spin the spay2craft and seperate it from the Agena~B
immediately after the transfer orbiz}has oeen attained. 7The cannistar
assemblies would then be individually separated and injected into the final
orbit. This scheme would eliminate\yhe problems of the Agena-B gas control
system. 'he three spinup and despin sequences of thé'spécecraft would be
replaced by the single spinup operation., The problem with such an approach
for a long slender Lody is the degradaticn of the vshicle attitude by a coning
motion caused by the loss of energy of the spinning body f{rom internal
flexing and damping. This phenomenon caused the attitude of Explorer I to
degrade completely into a flat spin after approximately 10 hours in orbit.

in order Yo solve this problem. the coning damper conceyt has Lsen deveioped,

'he coning damper is basically a very simple servo, relying on twe concepts
in its operation, Firs’.,K the coning motion Ean be measured by an accelero-
reter placed on the periphery of the vehicle with its sensitive axis parallel
with the design spin axis. The coning is registered as a sinusoidal gutput
of the accelerometer. Second, energy can be transferred from a storage
battery to the vehicle spin motion by proper actuation of internal massss

and thereby the coning can be reduced. lhese two concepts furnish the two

necessary clements for a control system; namely, a sensor and an actuator.



For the kebound application the coning damper enjoys a rundamental ad-
vantage over a gas jet comtroli system., As a result of ilie actuator being
internal to the amcecraft, it cannot change the angular momentum of the
vahicle or its rectilinear energy in the transfer orbit. With the excep-
tion of external torques on the vehlcle, the angular mcmentim vector forms
a gyro reference and is meserved until tiie injection of each of the three
cannister assemblies, It is shown later ir this report that the influences
of the sxternal mouents on the vehicle during the long coast periods are
negliygible, and the change in angular momentum cue to zeparation of each
asgembly is quite small.

The purpose of this report is to develop in detail the configuration and
requirements of the servo components ito de used in the éoning damper ang to
demonatrate the practicability of the coning damper concept. In this first
section an introduction and a general evaluation cf the problem have been
presented. The second sectio, evaiuates the effects of the various external
disturbing influences, such as oolar pressurs and magnetic torque, and shows
that they are well witnin allowable limits., The third section descrites the
detailed analysis of a coning damper using the axial torquing of a f{iywheel
as the actuaticn scheme. In the fourth seoction there is presented a pre-
liminary development of a damping system using the precession of a gyro as
the actuation schems. Lthe relative merits of these various alternatives are

also explained. Finally, in the fifth section a general discussion is given.

This section is followed by an appendix which presenis the system equations
for the coning damper using a motor-Zlyvheel and an appendix develcping the
equations for the external torques on the spacecraft,

¥
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SECTION 2
ANALYSIS OF EXTERNAL DISTUKBANCES

INTROUUCTION

In order to consider the replacement of the Agena~B with a coning damper
control system for attitude stabllization, the external disturbance effects,
which are oulside of the influence of the c&iihg’ control system, mus$; be
evaluated. 1f the’ effects of external disturbances are small, only ;.he
coning damping action of the control system is required to maintain an
accuraxe ‘yehicle direction in space. The external torques caused by the
vehzelﬁp'a interaction with the Earth's gravitational end .magaet.ic ﬁ.elds, o
wh.cle exposure to solar radiation, and the unequal forces imparted by

the separation springs, are evaluated in this section or the report. ‘l‘pcn'
torques cause displacement of the nominal angular momsn.um: vectof. from the
desired orientation. A detailed formulation and solution of the fisld

effects is given in Appendix II.

2.1 External Torques on the hebound Cm:‘; gter Assegbly

2.1.1 Gravitational, Mggnetic, and bolar hacdiation Ef‘;‘ects . PR

Formulae are given below for the d evialion (magnitude) of the angular momentum
vector as a function of time in circular orbit due to the _vehicle's inter-. e
action with both the gravitational and magnetic fields. Solar pressure torques
are extremely small and may be neglected, Figures 1 snd 2 ~how the accumulated
field effects on the different spacecraft configumtiona; The notation is :

as fcllows: : ' : ‘

Magnetic ﬁ.eld conatant (2.0 x 1016 ;';mp

a
8 Orbital rate (rad-sec)

o ‘Fractional impulse error ratio of each separat.ion sprmg
b " Angular deviation (rad)

Ip Pitch~yaw moment of inertia (a_lng-ftz)
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I Roll moment of inertia (slug-fte)
L - Lever arm of separation apring (ft)
n Vehicle's magnetic dipole moment (emp-£t°)
m Mass of each cannister {slugs)
G 16_t3
s “ Gravitatiooal field constant {1.4 x 10 %)
gec
M Mass of remeining vehicls after separstion (slugs) ,
R Orbital radius {ft) : , g .
4 Time since spinﬁp (sec) 5
T Period of orbit (sec)
v Felative spring-induced separation speed (%E)
¢ Tnclination of arbit (rad) (0 for equatorial orbits) i
© ‘T8
1 Vehicle spin { =ec | _
Gravitational Field
.3 /e i Ig in -
83...[ }-...l‘-...! (con2B1-1) ‘ !
R Y B N i ‘ (1) i
Magnetic Field i
- .
S = i s \/cosa ¢+ [ .3.. {1+ ...31 sin 2 Bt) sln,¢],2 (2) :
© lgaey R 2 dnt MR

As can be seen from the above, O , Veries sinuscidally (reaching a meximwa °
and returning to zero twice per orbit) wpile 5 approaches a limear
function after an extended period of time. For the purposes of graphical
representation, a camposite of the different configurations has-been pre-
pered which gives the maximum possivle uevietion of the remaining satellite
at any one point from an initlal orientation of the system. It 1s assumed
thet the spececraft remains in the 3-canuister configuration for 20 hours
while the 2 and 1 cannister configurations can each orbit 3 or 8 times as
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SPACING OF
BALLOONS IN ORSIT

45 DEG SPACING
—————— 120 DEG SPACING

[T}
[TH
Q
&
w
e 010+
[S]
1D /
= /
g /
.008 ~ /
g’ /
g //
b y 1 CANNISTER
& 006 /
< /
§ 1 CANNISTER /’
< 004 - ’,
oo P
- 7
2 P
< 2 CANNISTERS o7 2 CANNISTERS
002 NNISTERS
3 CANNISTERS
1 1 L i l el
K T T 1 ki
0 10 20 30 40 50

TIME AFTER SEPARATION FROM AGENA-B (HOURS)

FIGURE 1



ANGUL AR DEVIATION OF MOMENTUM VECTOR 3y (DEG)

CUMMULATIVE ANGULAR DEVIATION (GRAVITATIONAL DISTURBANCES)

ONLY THE ENVELOPE IS SHOWN AND AS SUCH
THE MOST UNDESIRABL E COMBINATION
IS REPRESENTED

SPACING OF BALLOONS

iN ORBIT
45 DEG SPACING
1 120 DEG SPACING
010 <+
.008 -+~ -
1 CANNISTER
06+ —— oo
4 T CANNISTER
|
|
004 - !
2 CANNJISTERS i
2 CANNISTERS
002 4
—
3 CANNISTERS
z s 4 L | —
0 10 . 30 % 50

TIME AFTER SEPARATION FROM AGENA-B (HOURS)

FIGURE 2

[eesp—

RS

[

Frec——
'

Bwreavns 3

Yoo o
[ ———

Sesrartn s,
s

Vo pod




[ ———

[P

-~

—) [S—

-

a unit, (spacings of 45° and 120°). An equatorial shot, ¢ = 0%, 1s given
as the worst case (for magnetic effects), while the value of m has been
chosen as 1/10 the value for Tiros II (this last is rather a pessimistie
number for Rebound since the Tiros contailns an additional dipole for atti-
tude control purposes). A4 tsble is given below for the numerical values of
the orbit and venicle paramsters.

Numbexr of Cennisters

1 2 3
B8 =T.58x% 0% rad/sec
¢ = 0L
1 =2.0 feet
m =1 a:mp-:‘c‘l:2
m, = 25.6 slugs
R =29.1 x 10° reet
t = (sec x 207%) 10,52 8.56 7.20
(450 spacing)
S 20,26 13.73 '(flg"’go cpacing)

e A R MR M e G SR A WS G GWE SR SR Mt D b ewe Reb NS sew WS By S WP GeM MNS TG MW AR MNP AR B S PR emm  sam S

¥ =5.0 ft/sec

¢
2y

0 rad
12.5 rad/sec

#

L}

2.1.2 Separation System

The impulse unbalance of the spings used to eject the cannister assemblies
fram the sps .e~raft imposes an external impulse on the spacecraft angular
momentum vector. This will alter tne direction of the momentum vector by

on anount

1 vl Mmeg ) ‘
(5)) = — o o)
o i)~ — ole e (M+m°) (3!



For an impulse tolerance of 1% on each of the aprings the three sigma
value of the spacecraft attitude error is 0.136 deg, which is negligably

small.

The impulse uncercainty of the springs wili cause an uncertainty in the
backward velocity of the spacecraft due to the separation from a cammister
assembly. DBecause the spacecraft is ligater without the Agene-B, it will
have higher backward veiocities with the coning demper scheme and will be
more sensitive to impulse uncertainties. This backward velocity can be
represented by ol mov
2 (Memg)

U(V) -

which in the present design would give a 3-sigms velocity error im the -
worst case of 0.0125 ft/sec, which is acceptable., This error can be de-
creesed by reducing the separation velocity required or eliminated by
turning on the velocity meters in the remaining cennister assemblies during
the short period of time necessary tvo acrue this velocity change.

2.2 Conclﬁsions

The external torgues to which the Rebound system will be subjected have been
investigated. These externsl torques are caused by the gravitational and
magnetic fields of the earth, solar radiation pressure, and seperation im-
pulses, It was found that all these resulting errors are negligible except
the backward-velocity effect cn the spacecraft cue to sepsration impulse
and the resulting 3-sigme velocity error of 0.0125 ft/see is acceptable.
£lso, this value can be reduced with minor redesign.
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SECTION 3
ANALYSIS OF CONING DAMPER

GENERAL CONSIDEKATIONS
The coning control system employs un accelerometer mounted on the periphery

of the spinning spacecraft coupled with a motor flywheel system., The fly-
wheel system is torqued by the motor in phase with the accelercmeter output
signal. The reaction torque on the spacecraft and the gyroscopically pro-
duced torgque reducex the coning angle.,

‘his section of the report describes in detail the analysis of the oning

control system,

3.1 System Description
The block diagram cf the hebourd coning control system used in this analysis

is presented in Figure 3. The individual blocks of this diagram contain the
variocus subsystem transfer {unctions and are described below.

3e1.1 Acceleraticy Block
The block (Fad) in the diagram describes the dynamics of the accelerometer

package relating oubput acceleration to ths tody angular rates. In this
analysis the accelerometer instrument dynamics have been neglected since
the natural frequency of the couing damper system is well below the natural
frequency of oxisting accelerometers and the higher frequency accelerameter
dynamic effects will be attenuated by lags in the system.

3.2 2haping Network

The shaping network block (FAa) contains the transfer function of the kC
network used for compensation. 1t will be shown that & shaping network is
not needed for system stability. The network is used primarily to block
D.,Cs commands to the motor flywheel as a result of accelerometer misalign~
ments and other undesirable system residual signals. The shaping network:
configuration is shown in figure 4, and the frequency response of the net-

work is presented in Figure 5.
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COMPENSATION NETWORK

FROM R R
ACCELLEROMETER 1 °
VWV A"A"A" l
Cy
C; T Ry

RESPONSE
LEAD-LAG-LAG ]

Ry - 0.0887 MQ Cy - 3.0 4f

Ry - 3.92 40 Ca - 0.10uf

Ry = 0.100 MQ
TRANSFER FUNCTION

R3
e (1 + Ry Cy )
TE. = Ro + Ry + Ry

1 J[R1C1(Ro+R)+Ry3Ca(Ro + R ¢ [ RgRiC1R2Ca e
L Rp + R + Ry Ro + Ry + Ry

1.6, = _ 002 (1+11.729)
(1 + 0.31855) {1+ 6.0079652)

TO HIGH
INPUT
IMPEDANCE
AMPLIFIER

——— —— r—

FIGURE 4




AMPLITUDE RATIO (Db)
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2.1.3 fiobor-Loop

I'he block labeled motar loop represents the servo amplifier transfer function
( “m)’ the transfer function of the ssrvo motcr, gear train and flywheel load
( Fg Fy }, and the tachometer trarsfer function (FTQ)' The motor used i. a
relatively smsll size standard servo motor. A gear reduction between motor
and load is used to obtain the proper torque-speed characteristic of the
motor-fiywheel necessary for desired sysiem response, « relatively high

gain amplifier is required to drive the motoir, and since the motor is torque
limited, vhe system behaves as a bang-bang controller, A tachometer to pro-
vide motoxr angular rste féadback has been included in the analysis only to
determine its effect on system response. The actual system chosen deoes not
include external rate feedback, and the tachometer will not te needed,

Enough damping can be provided by the motor itself for the particular motorw,
flywheel, and gear ratic chosen. b

3.1.4 Vehicle Uynamics

The dynamic block (F, o) contains the equaticns of motion relating the
vehicle body angular rates to the fiywheel speed, & description of the
equations of motion are contained in neference 2. These equations are also
contained in Appendix I bto this report. Hhere they are presented in a
somewhat niodified form which is more uscful for controls anulysis. 'he

coordinate system is showa in Yigure 6.

3.2 Linear Utability analysis

vy ten stability was inves%igated for the vehicle in three conditicns, hotal
vshicle (3 cannisters), 2 cannisters, and cne cannister. MNyquist diagrams
and root locus plots were oblaired from an IBM 7090 digital computesr program
which solves the Linearized control system and vehicle dynamic equations,

Body torques on the flywhesl have been neglected, as this is a4 sezcond order

effect, bveveral linearizing assumptions have been made in the vehicle dynamics

to allow a linear uj.:oach to the analysis. ‘These are described in Appendix I.
£lso, the effects of certain expected system non-linearities were determined
using the describing function technique, the linear stability analysis was
sugported by an analoyg sinmulation of the complete equations. 7That analysis is

described 11 wection 3.7,
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3.2.1 HNyquist and Root Locus Analysis

The characteristic equation for the uncompensated control system is

%)

KaKyrah s[ (s2+ wy }_0
(s2 + A s+ V/rg)

lprm

A typical Nyquist diagram can be closed, as shown below, to determine
stability.

S PLANE NYQUIST
F~
1( \ +|‘\ \
\ ‘.‘< A
1 ; R
s an i +0 -+ 1% § !
: i %y
/ /
%) ’ /7
4 7
&’” o

Since the system has no poles in the right half plane, no net encirclements

of the minus one point are required for stability.

The various system perameters used in the analysis are as defined in Tables

1and 2. Since h =w, (1 - R) and R = _1_13 , A will vary as the configuration
P

changes from three cannisters %o tvo cannisters and finally to one cannister,

The root locus plots for the three different configurations esre given in

Figures T through 9. Notice that the poles due %o the denominator term,

(52 + 22),move inward towards zers along the imeginsxy axic os first one and

then the second nannis’er assenbly is ejected. As a result of this change

in A, the root loci and hence the system roots will change for each of the

L

three cases,

In analyz.ng the characteristi:: equation, digital coz:rputei programs were
used in order to obtain the root locus plots ;md Nyquist diagrams for the
systen, As a result of nﬁkiw; variations in the system paramcters, it wag
found that a system loop gain of 1000 for a wheel moment of inertia of

A A b pn ea R e o e S
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W

0.05 slug-£t° provided good characteristics while at the same time being
easily realizable., The system will remaln stable for oll values of gain

provided that the accelerometer location along tle r. axis ls not greater

2

than 0.033 ft. As r, approaches zerc optimum response is achieved. Also,
ba

r3 is to be made as large as possible so that the accelerometer is nmore

sensitive 10 coning induced accelerationc.

The Nyquist dlagrams corresponding to the root loci plots are shown in
Figures 1C through 12 for the various vehicle configurations. It can be
seen that as the camnisters are ejected the system goin increcses shaorply.
The system gain is proportional to Ille and as Ip decreases the loop gain
increases, Even though the system gaoin increases drasticolly, the stability
margins remain satisfactory.

3.2.2 Descriving Function Analysis

The system can be expected to operate i. & limit cycle menner since there
will be a continual energy loss in the vehicle which must be overccme by the
control system. Apart from this benavior, system dead bands, hysteresis and
saturation may 2iso cause either limit cycle or undesired response. Section
3.3 of this report contains a discussion of the analog simulation used to
study the dynamic effects of saturation (torgue limiting), showing that the
systea responds satisfactorily under this condition, To determine the effects
of threshold and hysteresis with a linear analyéis, the deseribing function
technique was used, Since the system c erates in a basically sinusoidal
fashion, this technique can be expected 40 yield highly accurate results.
Dead bands will be caused by thresholds in the accelerometer, in the servo
amplifier and motor. Hysteresis or backlash is associated with the motor
and gear train, Two describing functions were constructed. Figure 13 shows
a typlcal descriding function for dead dand, figure 1l shows o describing
function for backlagh, These describing functions were used to construct
the locus of "-1" points or amplitude characteristic on the linear Nyquist
diagrem, Figure 15, Since dead band alone introduces no phase shift into

the system, this non-linearity has no effect on system response., For little
or no energy loss in the vehicle,.control will be applied until the signel
amplitude falls within the dendzone at which tine the control system ceases

21
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to respond. Hers, the only requirement is that the amplitude of the d=ad

zone be sufficiently small such that control is removed only when the coning
angle is within acceptable limits, For example, in order to keep the coning
angle within * 0.1 degrees, the dead band of the accglsrometar musl be held
within * c.228 fh/secz, which is well within the capability of existing low
performance Instrumsmts, As a practical consideration it is possible to
deliberately incluie a dvad zone ir the system equivalent to a small tolerable
coning angle, insuring shutdown of the control system when not required and

thus lowering power requirements.

In considering hysteresis or backlash, the additioral phase lag introduced

into the system by this effect can cause undesirable limit cycle operation. i
As seen in figure 15 the zmplitude characteristic function (-1/N ) crosses '
the system frequency function. The frequency and amplitude at tge crossover
point indicate the limit cycle characteristics., However, it can be shown i
that the control system is relatively insensitive to backlash. In order to

maintain the coning angle limit eycle amplitude within 0.1°, as much as 0.3 |
radians of gear train backlash at the flywheel can be tolerated. lhe gear

train backlash can, of course, be casily kept much smaller than this value. j
Although the control system will be relaiively unaffected by this non-linear
condition, limit cycle amplitudes must be kept to small values for minimum

power consumption. If required, further optisization of system parameters

can imjprove the power consumption. For instance, additional phase lead can be

auded by the shaping network to decrease the limit cycle ampiitude.

-~

3.5 hnalog Simulation and Transient Fespense i
In order to evaluate the effects of system non-linearities neglected in the

stability analysis and to size the motor-flywheel rccmbination, an overall [
sigulation of the control system was co.ducted with the aid of an analug )
comput er. The exact equations of motion were mechanized including the i

effects of accelerometer positioning alignment errors. ) =
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2,3.1 Lineax System Response

; Figures 16 and 17 show systen trensient response for two different loop
geins with and without tachcueter feedback; it is seen that response

can be mede extremely ropid. However, for these systems impractically

A vt

large motors are required 1o provide large torgues and fast response. For

+he svater: of Figure 17 the peal: anguler acceleration required is equiva-
lent to 7.5 £L-lbs of torque applied to a 0.05 slug-ftd inertia flywheel.
-I For a larger wheel the reguired torque capobility would be increased. These

s

runs include the effects of small flywheel and accelerometer positioning
end alignment errors. The misclignments had no detremental effect on systen

FUN

response. The most significant effect of accelerometer misalignment was the
alddition of a D.C, bias in the accelerometer signal. This D.C. bias was
L effectively removed by the high-pass shaping network.

3.3.2 Toraque Linited Response

In order to size the control motor, various torque limits were mechanized

in the analog simulation. The meximum torque capebdility was decreased

|

b

until what was felt as minimum satisfactory response was achieved. Figure
18 shows the system response to un initial coning angle of 0.2‘50 Gt 2

torque limit of 200 in-oz, Under these conditions the system drives the
coning angle to 0.1° within 300 seconds end %o zero with 500 seconds. The

OV Sbrniath
ot

-

pawetans,

maximm required flywheel angular vate is 3.7 radians per second. These

torque-speed characteristics can be easily obtained with 2 small nmotor,

P iy
mrmrscrd

110-2C watts), and the proper gear ratio reduction.

1 3.4 Conclusions

The results of the analysis of the motor flywheel control system have demon-
, strated that a satisfactory system can be obtained exhibiting adequate stabil-
l ity margias and response time.

| A considerable variance of control system parameters have been studied.
The control components assumed were deliberately kept conservetive; yet,

i considerable freedom exists in the system for achieving en optimwa design
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with easily aveilable comp. wents, The only vresible degradation to the
systen might occur from motor or accelerometer lags., If these logs becone
troublescme, additional dhase capensation can be cotained in the shaping

network.

A significant result of the annlysis is the required positioning of tne
accelerameter. 1In order to obtain control, the flywheel spin axis must be
aligned perpendiculay Lo the vehicle spin axis. The accelerometer nust Le
laterally disploced from the vehicle gpin axis eand in a direction perpendi-
cular to the flywheel axis for stable response. Precise aligmment is not

necessary &nd small deviations in alignmant can be permitted.

In order to ottaln satisfactory response time, the molor-flywheel corbina-
ticn must be capablie of delivering a minimum of 200 in-oz of torqgue, and
a speed of 4 radians per second, This will also insure cn encrgy delivery
capability large enough to overcome energy losses in the vehicle,

Although it isc not necessary to provide active coning danping in the case
of aie remaining cannister (R >1), the ansysis of Section 3,1 shows that
the system operetes satisfactorily in this stete. The coning damper moy
be used to hasten damping action if desired.
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SECTION 4

CONING DAMPER USING CONTROL GYROS

PRINCIPLE OF OPERATION

An alternate coning-damper design uses single-ginbal ryro: in place of

the flywheel. Two possible arrangenents are shown in Figure 19, A

single control gyro ig illustrated in Figure 19a. The spin axis nominally
coincides with the exis of symmetry of {he space vehicle. The gyro is
torqued about the space vehicle axis BE in accordance with a comtrol law
identical to that for the fiywheel, exccpt that the control variable is
gimbal angle ¢2 instead of flywheel speed @ . The space vihicle anguler
nonentun component 2long the transverse avds B3 varies directly with ¢2,
for amall gimbal angles. The lower sketch, Figure 19b, illustrates a two-
gyro arrangement. The directions of rotor rotation are opposite, so that
nc net anpuiar momentum is contrivuted by the gyros when nulled. Torquing
of either or both gyros produces angular momentum changes along the trans-
verse axis B,. These changes are used for control, in accordance with the

[

coning-damper control law.

L.l Derivation of the Control-Gyro Equations

Lauations of motion of the spinning space vehicle with one or mors control
gyrec are developed from the general equation of rotational motion of @
rmultiple~part body. The version of the genersl equation used corresponds

to the {ollowing conditions:
1) No external. or body force or torgque.

0) Centers of mass of the moving parts (rotors and gimbals) fixed
relative to cpace-vehicle body axes.

3) Origin of space-vehicle body axes at the cpace-~vehicle mass center.

The general edquation of motion is (Reference 1, Table 8.h4):

Ip wruxip w

N R B B i

Lihvarh e+l lwro) (1)

+
'sr

+

+ux(i:-w+|‘ -w‘) -0

; rorg

3 , o,

Noae ke W Ny o of gt R . N . o v § b P i)
s ' R S A L U AR R 2 L0 VIR Y A%%/Q‘“ JERNT N 1&'&«&\3‘{%l‘,‘é@;\ﬂl»éé‘g{k
AL W AN IR S sy 4



TWO CONING -DAMPER ARRANGEMENTS
USING SINGLE - GIMBAL CONTROL GYROS
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£XIS OF SYMMETRY, — “*B

e 'y
/ SPACE VEHIC LE,/ I
i T |

8,
TWO GYROS, SPIN SPACF VERICLE
AXES ALIGNED WITH AXIS OF SYMMETRY ‘
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The symbols used in this analysis are defined in section ¢.1l.1 of this section of
the report. Following the gyro rart-numbering scheme us~d in the reference, we have:

Space~Vehicle Body Rotor Gimbal
Axis Aligned Part Part
Witk Gimbal Axis _Ho. No.
B, j=3 j=6  (fig. 19v)
B, i L (fig. 19a) ,
B 2
3 ° ,

The case to be analyzed is the second, illustrated in Figure 19a and
Figure 2C. The other two cases can be obtained by cyclic permutation
of indices over 1, 2, 3, and 4, 5, 6. This must be done for botr sub- .

scripts and superscripts. The procedure followed in developing sczalar
equations of motion from Eguation (1) is to expand each vector and dyadic
into components along space-vehicle body axes. Thus, for the rotor:

P e

sy s

1 L, 1.1
Vaochin oA b5 +bls))

P
Q%

S’

—

1 H H
= 'B] byby + !3252 by + !83 bib;
- ‘8:2 (bl b) +‘Dg b)) - lB;;; (&:_' b +{,3 52) (3)
- ‘a:‘n (b3 by +b_b3) x

The coefficients llB , IIB yeece, xt are eveluated in the usuel msnner
# post- and pre- dof mult@plying Equation (2) by by, b,, and by pairs

vi these unit vectors. This gives:
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[ 1 1 Vel 2 a1 2 by
‘ fay=biel «by=C by o)  +A by -by)? =C P, 04 2, (1) 31
ok 1 b Tl 2,11 2z .1 (5) { .
g By = 2-! t,z;-c‘(b!ni’z) +A (bzobz) = A ,,
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1 1 (
lp) wby 8 b <C (b} by? + A by ) =Cl 5T g4 A T g, (5)
1 1
loyy = 'ng3 =0 {7

lg] byt by =—C (b} -by) ] -£) &' (6} < g) b - by) = (€' - A) s 8¢ 4y

(8)
Combining these results into Equation (3), we have
- (C‘ & by + Al a2 $aiby by ¢ (C‘ ol &y + Al 2 $,) by b,
Alb, b, + (&' -C") ®, b + b, by) 2
+A byby + (&7 -C) 5y chy By Dy +By By
In 2 similsar mann;r, we obtain for the gimbal
4
i - (l: 3 b+ l: o2 @) by by + (l: o2 By + l; & é,) by by
4
+laby by + (13 - 11 s 6 ¢ 6, By by +b, b) (10)

The inertia cbradics 1]‘ and ll‘ are partitioned into constant and varisble
components. The cons tant components, designated by t and lh o) are inde-
pendent of gimbal angle ¢ . These components are adaed to the s;oace-vehlcle
inertic dyadic components, designated by I, to form a new dy=mdic:
i
i =1+ X §
< - © (11)

For the ayro under cc;nsideration, this is

lembelletd <1y byby sl + Al ¢ 13)b by +13by by
| ‘ Q2)

Ja the genera.l cage in which the gyro uass cent~rs do not coincide wich

_ the origin of space vehicle body axes (the space-vehicle mass center),

additional terms are added to I 0 yield another new dyadic, or

|’-§c~} zﬂl*‘l '!—l ") (13)
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The variable porticns of 1:‘L and lh are those components which are functions
of ¢2. These dyadics and their time derivatives, needed for later analysis,

are:
l: - (C‘ 2 by + Al$? $) by by 4 (C‘ o2 @)+ Al e? $4) by by

s =Y sy g, Bbyby by by) (14)

* . ‘ .
AT - CN gy 52,8, +(C' -A NG 38,030

A =€) g, c 28, byby +byby) (15)
AP PRI R YO W (L AP L
11‘4)
\ 10
c8 -1 s gy c g by + by by)
i: -(!; - I:) (#.2 32 3, B‘ b‘ + (l? - !;)‘¢2 2, 53 bg
08151 6524, By by +by by (17)

The angular velocities of the space vehicle and the gyro parts and their

derivatives are:

W=y by +wyby+ w3 by (18)
G=myby +o by + @y by (19)
o‘ ‘ M d .
w =-n ¢2‘¢251+¢253“"'¢2°¢2"3 o (23)
Q“‘ﬁ'gbz

(22)
&= daby (23)
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The vector and dyasdic components expressed in Equations (9) through

(23) are substituted into Equation (1) to yield the desired three scalar
equations of rotaticmal motion. This step is routine and tgdious, 50 the
final result only is shown here. This is:

l!c‘ + (A‘ + !;) a2 dyt (C‘ + !':) ¢ g&z}é,

+(A! --(:’l

4 4 .
+l3-!')s¢2c¢2m3
+[l¢3-l¢2+(A‘+l;) ¢ ¢2+(C‘ +l:) R ¢2]w2 wg
+(A‘-Cl+|;—l:)s¢2c¢2m} wz-C]sqS:plmi

lr 1 4 4 '
e[ - a2 g0 W - 1Y e 2450,

14 R, :
- (A +lday~C sgyn ¢, =0

(2%)
leg 3 +{ley = leg + ' = CT 415 -1 s 8, ‘ -
N AL W ¢,] wy @,
L P [OW (o)’ ]
cClal(cgywg+sdyo) + (A 415 6,0
(25)
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{|¢3+(A‘ +|;) c? #, +(C‘ + l:) 3 ¢2]¢::3

NI L ) PR S

o A (W' 417 8,] 0y @,

O T S A AT

-l e g =24y 0, (=A+C i+ 1D 24,04
e s e, ~Clegyn'(,=0

(26)

The following points may be made in reference Yo Equations (24) to (26):

1)

2)

3)

L)

Equetions (2) and (26) reduce to the usual Buler eguations of
rotatio motion for a single rigid body in the case vhere A7,
cl, and 1}, 1'= 1,8,3 are all zero.

For the practical case in which the control gyro's mass center is
displaced slong the By axis by a dlstance b1 the Icl , 1=1,2,3
are replaced by 15’1’ i=1,2,3, vhere:

tpy = ley

‘ \
Ipy ~leg + {m + m‘) (I:‘)z

lpg=leg + (m‘ + m‘) (\a,)z 1)

This assuwes coincidence of rotor and gimbal mass centers, a
reasonable condition.

The control torque term is the last temm in Equation (26), -C c¢9nl¢2°

This term dominates all other gyro terms in the equations, for
small gimbal angles. ALl other temms should be neciected for the

purpose of initial synthesis.

Equatio&»\ of motion for thi space vehicle and other control gyros
having gimbal axes aligned with & space-vehicle body exis may be
be obtained by cyclic permutation over the indices 1,2,3, and &,5,6.
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L.1.1 Definition of Sympols

Aj, v = Diametral anc¢ polar moments of inertia for the Jthgyro
rotor, J = 1,2,3

Bi = Space vehicle body axes, 1 = 1,2,7, assumed principal
, axes for the vehicle less gyros as well as for the camposite
vchicle.
b, = Distonce component on space vehicle bndy axes
&
bi = Upit vector on apece vehicle body axes
J th - - . -
B i = J " moving-part body axes, 1 = 1,Z,3, assumed principal
axes for the part
3 .th .
b i = wit vector on i moving-part body exes, 1 = 1,2,3
c,s = cosine and sine
i E = unit dyadic, or idemfactor
] I = moment or product of inertia, with appropriaste sub~ end
%1 superscripts
8y I = gpace vehicle (less gyro rotor and gimbal) inertis dyadic
D)
t i th B
Iv = J moving-part inertia dyadic
it
§§ 3 th
1 c = comporents of the j  moving-part inertia dyadic which have
. - constant ues vhen referred to axes whose origin coincldes
;z with the j°° moving-pert mass center, but which remain
- eligned with space-vehicle body axes.
i) J _ th ~
i I v = remaining components of the j" moving part inertia dyasdic
{see previous definition)
V)
K N
Ic = composite constant-camponent inertia dymdic, Ic =T+ 3 IV
| .
J
{1
|
: (i
[ L
|
Y
) 43
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sum of the space-vehicle inertia dyadic, the constant

P perts . elative to axes aligned with space-vchicle body

axes of the moving-part inertia dyvadics, and the moments

of inertia of the moving parts cons.idered as point nasses
located at their respective mass centers (See Equation (13)).

oo
i

J = mass of the jch moving part

B
!

2
i

numher o) moving parts

n® = rotor angular velocity relative to space vehicle tody axes,
assumed constant

¥d = radius vector of j"h noving pert from origin of space~vehicle
body axes. R
= gimbel angle
0 = space-~vehicle angular veloeity, relative to inmertial coordinates
3 . th . ;
@ = angular velocity of the J  moving part relative to space- g

vehicle body axes.

k.2 Conclusions Regarding the Control-Gyro Coning Demper

The coning-damper design using single-gimbal control gyros in place of the
flywheel offers the Tollowing advantages relative tc the flywheel design:

1) Power Consumption during cycl.c operation is determined almost

entirely by the power required to keep the rotor spimning at the
design speed. Practically no powe? is required to torque the outer /

{ ginmbal in accordance with the control law. Although a careful came
parison remains to be made, power consumption is expected to be much
less than for the flywheel design.

v oy

2) Weight of the coning-demper rontrol gyro is expected to be less than
for the flyvheel. The maximum angular momentum change available for }
control is given by the rotor angular momentum times the sine of the

TNy e

of a flywheel unless maximm speed can be made almost as large as
that of a gyro rotor (about 10,000 rpm),
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gimbal angle. This will be larger than the angular momentum change { :
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Dizadvantages of the single gimbal gyro relative to the flywheel
for the coning-damper application are:

1) Analytical complexity results from the complicated form

0 the eguationz of motion of a space vehicle and single-
ginbal gyro. Tnese eguations are developed in 3.0 of this

section of wne report.

Amwl  wemsi  ewws

2) Cross-coupling effects may be significantly large unless
gimbal angles are limited to small values. This cen be
establiched only by a detailed analysis.

3) Off-the-shelf camounents unsuitable - The angular momentum
delivery capabilities of a standard HIG type gyro may be
inadequate. This is sbout 0.005 slug—ftg/sec for a gimbal
engle of T degrees. A value of sbout 0.1 slug-fto/sec is
needed, lased on tentative sizing.

Cost is expected to be greater than for the flywheel,
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SECTION 5

GENFRAL CCNCLUSIONS

Py

RESULTS

From the results of the analysis of the exlternal torgues and the analysis

of the contrnl system, the concept of spacecraft attitude stabilization by
coning damping action has been demonstrated to be feasible as well as prac-
tical. The results of Section 2 indicate the effects of pgravitational and
magnetic fileld interactions with the vehicle are wvery small. The tip-off
incurred by the cannistar separation mechanisms has been shown to be a maxi-

mum of 0.1360(30) which is well within the mission accuracy requirements.

The analysis of the coning damper control system in Scction 3 has shown that
relatively simple, low performance control components will suffice. A
single system cen provide coning damping for the three spacecraft configura-
tiong, both before and after the cannisters are successively ejected. The
chosen system consists of an accelercmeier for sensing coning motion and a
motor-flywheel as a momentum device. The required characteristics of this
equipment can be achieved with existing proven components. The expected
positioning end alignment errors in mounting these components have been
shown to have little or no effect on sys%em operation. 1In order Lo achieve
the desired flywheel torque speed characteristic, a relatively small, low

pover motor may be used.

An altsrnate approach of mechanization of the coning damper is given, using a
control gyro. This is expected to be a more efficient energy transfer device
than the flywheel system. However, the cost of the alternate system is expected
to exceed the simpler [lywheel &ystem.
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APPENDIX I

SYSTEM EQUATTONS FOR THE CONING DAMPER USING A MOTOR-FLYWHEAL

The following ie = derivation in body coordinates of the equations of motion
for a spin-stabilized satellite, with dynsmic symmetry along an axis {letting
both the control wheel and the accelercmeter be perfectly positioned and
oriented as is shown in Figure 6), followed by a summary of foruulae for
various properties of the solution. The lalter is facilitated by tailloring
the autopilot gain so as co eliminate undesirable termes from the accelerometer,
thus resulting in an optimum value for this parameter (J.arge variations in this
value can be tolerated, however, and would in fact be used). The notation used
is given immediately below.

-lp Ky &
A Constant = P22
‘|r3 'm
B Constant = L
'm
F Coning demper theoretical efficiency, .guastion 29
Ip ™
h Constant = —(2-_Z) m
| Ip
H Magnitude of anguiar momention
IP Pitch-yaw moment of inertia f:a the totel vehicle
Il Roll moment of inertla for the control wheel
IR Roll moment of inertia for the total vehicle
x) Accelerometer gailn
K Motor gain
A Censtant (1 -.!3..)‘
e
. Time constant for the coning angle time hilstory, equation 18
u

5

o B I T NI




¢ Initial coniition fu,ib%. ~-C i

4
1

Tapilace variable

vJ

T Displacement of acceleraseter along cepter line

2
-

8 Initie) vehicle spin rate

L
L

Distance of accelerometer ficy the cenzer line

T Mobor time constant

o, Roll rate of the vehicle {seen in body)
©, Pitch rate of the vehicle (seen in body)
@, Yo rate of the vehicle (sesn in body)
Y] 8pin of the whszel relative to msin body

8 Coning angle

The generallzed Fuler equations for the two interacting parts are

+

(1) -~y = 0
I
(2) wy = (1 ~.’.§)m|m3+h(‘1'0
ip Ip

- 'R

(3) m3+(‘ "——3>f02&)3+(n)‘hnl—0
: tp Ip

The coning angle at any one time is

(%) g = cos~ ! ('Rm“ \l
H /

and its rete of cheugze is obtained by the use of (1)

(5) - liaﬂéa!‘:3n

If @ could be made proportionai to w3 by choosing & positive proportionality
factor, then § would alweys be negative {except at those +imes when w3 ® 0).
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This lineerity can be achieved by alipgning the accelerometzy ac in Figure 6.
With such ar aligrment the ecceleruneter reading is:

(6) o -:{tg{a:zi-mgm;} —-t](mg e ug)]
t 3

which is obtained fram an expansion of the general acceleration equaticn

The second termms of 8 is constant for 8 rigid bedy undergoing no enerygy changes
but for this situalion it decreases exponentially with a large time constant as
the coning is reduced with the dempsr.

The motor emplifier cambinacion 2an be represented by the rollowing transfer
furction (nc torque limiting) '

8 _ xi%m

(8)

ay 14 rmp

If no other control is used equation (8) can be arranged in the following fomm
for the conirol equation
(9)  §i=Acy-BQ

If (2) and (6) are substituted in {9) the relation for A (independent of B) is

(10) a<-l'r
'gf:

where the d.c. temm in (6) has been taken out with & fiiter. This allows Q
to become

(1) @- (3'3!-:-15-) wi®3
18

oY
(12) Q-M;w;

which is the expression desired for control, as deduced fram (%). This establishes
the control capability using a motor and d-c filter , with the accelerameter propexly
placed.

It is of interest to kncw the damping rate of the control system. This is
derived as follows.

Fran (*the two relations {where s=w1(0)



s . h
w1 _ih 2

(13) —%-—w3
wy g
ith
(1%) 13_.. f@)gdt
wy=se ir

Starting with equation (12} and substituting in (3), (2}, (1), (13), (i), in
order, results in the following exact but nonlinear expression for the system

characteristic equation
(15) 53+2yke:33+)‘2w3-0

with g and A defined as

2th f:»i @ .
i
(16) 2;;&-_‘..’.;.?.?;:2& R (1-—.2.?__‘2_.)
e 0 12 uy2
hh . 2, 42
| a1 B gl [1e Lhos |
Ip lp-lg?

The exponentials can be considered unity for small angles of coning. For the
parameters being used (16) and (17) cea be approximated by

PP
S SCTRP ‘\
(18) 2l (lﬁ_'ﬁ) 3
Ip
{19} x-(lu_‘f.‘.
ip

which fom the Jamping rate and undamped natural frequency, respectively. The
damped natural frequency will then be

fnal ]
\&VJ p-‘/‘_pz‘x

end for initial conditions of w, (0) = ~ ¢, @, {0) = O the time history for w3

is

(21) w3=c e ™ g Bt
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The efficiency of the contrcl system is also an important factor; efficiency ir
here defined as the ratic of the energy impartved to the vehicle structure to that
drevn fram a storage battery intec a perfect mctor. For a body of revolution the

rate of change of rotational energy is

. 2 N .
(22) E--.ﬁl(l-l&)an?eo
2g e

so that after manipulation of (&), (5), (1), and (12) the following is obtained

(23) é-h&(1~li),2w: )
ip

the power (W) supplied to an ideal motor, since the vehicle is large ccmpared
to the wheel, is approximately

(b}  wauya

where in this application the approximation is very accurate Manipulation of
(12), (13) and (14) yields

2
.!.}..h.fmg dt
. l !h 2 *
(25) Q-h‘. R ( ! (‘)3 +"’3>

so that, again letting the spin be constant in (12) end (25) the following is
obtained fram (21) for the two expressions (23) and (24) respectively
y

(27) W=l ':2 a2 e? [ %{E‘i o~ cos® Bt — o= ( 4in=2 Bt - 1/2 B sin? 8) }

The work efficiency is defined in views of Llhe practical restrictions on the
electrical equipment. Energy must be drawn from a storage battery to accelernte
the wheel during the first quarter cycle. During the second quarter cycle or
deceleration phase enevgy cannot be returned to the battery, but no encrgy must
be drawn from it. The theoretical work:efficiency therefore is the work done on

55



the structurs during the first helf cycle divided by the work done on the motor dur-
ing the first guerter cycle. .

[__?_

28 .
J

(28) <E> = °’ Ed
L"ﬁwm

or

(29) <g>a-nt [ B /1
ip s ~l§
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AFPENDIX II

MATHFMATTCAL ANALYSIS OF THE EXTERNAL DISTURBANCES ON A SPIN-STABILIZED VEHICLE

The generalized equations of mction for & spinning vehicle acted upon by external

torques which may be a functioca of the position in orbit will now be derived. A

list of symbols used is given first as follows:

aj (i = ‘;213)

B

3

g -

(] 04>

>

H

R

M

i 2
Magnetic constant for the eerth (2.0 x 1016 lbs-ft? )

amp

Constant = 15 s

ip

Direcvion cosines of locel vertical as seen in body
Magnebic induction vector

Inertial cu@gnents of magnetic induction

Mean ancmaly rate

Angular displacement (magnitude) due to gravitationsl field of the
mementum vector )

Angular displacement (magnitude)due to magnetic field of *he
momentum vector

Unit vector along local vertical
Constant, equation 27

Vector nomal to both the symmetry axis and locel vertvical having
the same sense &s gravitational torque

Mament of inertia dysdic
Pitch-yaw moment of inexrtie

Roll nmament of inertia

Constant, cquation 31

Constant = - LN (-93-)
lp \ r

N g



e T -

i e

3¢

FTEY

=3

é

Qi (i=1,2,3)

Ql (i=1,2,3)

Q; (i=1,23)

q; (i = ‘02:3)
R

S

v
w
wj (1=1,2,3)

0

Magnitude of spacecra{t magnetic dipole moment
Spacecralft magnetic dipole mament wvector

16 #?
Gravitational constant for the earth 1.4x10 —

f {19

Unit vector along earth’'s magnetic axis
Moment of mamenbum
Angle between orbit axis and earth axis

Generalized torque along axis of cotation for q,

Generalized gravitastional torqus

 Generalized magnetic torque

. Buler ansle used as generalized coordinates

Orbitel radius

Spacecraft spin

Rotetional kinetic energy

Real time

Torque due to grawﬁ:i:ational field

Torque due to magnetic field

.'Tofque due tc solar radietion (negligible)

Angle between vehicle symaetry axls and local. vertical
Potential function fdr gravity torque

Speed iu oruit

Spacecralt u@ar veloclity

Body camponents of angular velocity
Orbital angular veloclty

Camplex representetion of angular displacement of the spacecraft
center-line
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Xi~1,2,3! Space-fixed coordinate system S

X (i=1,2,3) Body-iixed coordinate system S'

£ (i=1,2) Inertial components of angular displacement of the spacecrafvy
center-line

¢ : (i-1,2) Inertial components ¢f angular displacement of the spacecraft

ncment of mamentum

Tik CENZRAL BEQUATIONS OF MOLION
In body reference

(1)

vhere
{%)
(5)
(6)
(1)
(8)
(9)

(10)

-

.dp¥(:x; 'ﬂ+;m+;;
dt

Pl o

RIS

d¢

—;ga fm and rs are def ned below end as such complete the description

-+ - 2
fm>mxB
- .
Tg‘f;

d?
A A
\ )
&, Sxn=s
de

For the purpose of writing Hamilton's equation in terms of the Bulev angles
av a2 93 (Figure 21) the components of both 7y, fm axe evaluated along the
respective axes of instantaneous rotation.
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OORDINATE SYSTEMS FOR EXTERNAL TORQUES

Xq’

& e W

R A |
w [
A.k ﬁvh <

X\’

$ = (X1, X2, X3) FIXED IN SPACE

§'= (Xy

Xa2% X33 FIXED IN BODY

4
[

FIGURE 21
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Tne form of ry in space, with B -ﬁ, 3§ in ( since m , the spacecraft magretic
\

dipole, is parallel to the axis of symmetry)

/B3 cos qq sin g3 ~ By cos g2
(11) fm=m By cos q3 - B3 sin qy sin gz
By sin q1 sin q + By cos g sin q2

and resolved along the space 3-sxis ( for ql), the line of nodes {for
the body 3-axis (for qq)

(12a) Q';“ =m (B cos q1 sin q7 + By sin qy 8in q7)
(12v) Qrzn =m (By sin q cos q; — B3 cos qy cos qz — By sin q3)
(1z¢) Q3 =0
The Toum of ?g in the vehicle is
. i /- a2
(13) ;°=..§£.Ip [1 -_.gl( ay>a3
R3

lp!\ 0

-

where 1f is writvten in the bvody as

953

s0 that the angle © between e and the body J-axis is

s 0\ IR]
(15) cos @ = 0)' (az = a3
1 a3

while the vector ¥ normal to the plane formaed by the wo provious lLines is

61
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(16) ¥- O)x ag = a;) =y sin 0
1 a3 0

then the expression for rg becames

"N
-. - !
(l'{') 'ﬂ'—:’%)'h(‘-i sin Y cos £
R ip

and in terms of the potential V =G cos? 8
- Mv\53
18 rg={-— 17
(8) s ( ”)
thas writing V as a function of qy, 32, q3
{19) V =G sin? (qq - B1) sin? Q2
¢ av
obtain Qi =~ ~—
i
(208) QY =- G sin2(ay- B sin’ a2
(20b)  QF = - G sin? (gy~ A1) sin 202
(20¢) Q3=0
Bamilton's equation for “he generalized mcments p; eve (i-1,23)

(21) oL 9T L

dt dq;
where .
« 9T
(22) Y




with T, the Xinetic energy, given by

(23) 71 -v-;j- 15 (012 +ap?) + -‘2— Ip w3? “—;- tp {427 + 212 sin® q2) + lg (83 + 47 cos q3)?
s¢ that both

(2ha)  py=(ip sin? qz + 13 cos? q2) 4y + Ig 43 cos a2

(chp) pa=tedz

(2he)  P3=1r (43 +G1cos qg)

end

(2358)  py=-Gsin2(q;~B0 sin? q3 + m [By cos q; sin q2 + By sin gy si 3]

(25v) #P2--G ain? (g1 - B1) sin 2 q + m [By sin g cos q3 - By cos qq cos g2 — B3 sin q3)

2

- Ip 417 sin q cos q2 - I (43 + 4y cos q3) § sin q3

If onc mekes the transformations 1=&1 az= -;-'- +é2  q3=$t

then assumes €1, 62 o be small and S = const (S is the spin) there rerults the
following tvo equations.

(26a) g‘l - .'_R- Sf.z +(3.§. cos 2ft~m P_z_)f, » __G_ ,;,.sz,,._?l
T lp ip lp le h

e IR 126 2o o B2y, oB;
(96b) 62+T;s€2+(—r;- sin Bt~ m T;)fﬁ m T:
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Fram (17,18) G is

& -:.’..E.!pi—..!i.
(ar) G- 3 L e !P)

and if the speed in orbit is w=Rg { for circular orkit)

=B

(28) LA k
then

2

(29) £, =#
or

(30) L£.3
2

with

(31) A=y /1- " g
Ip

Let the orbit make an angle ¢ with the equator so that B looks in space (equation 7)

as follows
. sin ¢ {1 -3 cou? )
a
r(32) B=- -3 -3 dngain2 )
R\ 2
cos P

A "

baving chosen n to be in the space 1 - 3 plane and & elong the l-axis at t=o

) A sin
(33) 3-( 0 )
, €O ¢
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A f[cos Bt
(34) o= <lin ﬂt)
¢

The final form of the equation is then, for M= - = _"5
Ip R

(35a) f; ~ _lf_ S f'g +[3A% cos 2 At +.i # sin ¢ sin 284 £
2

Ip

=322 sin 2 Bt + M sin ¢ {1 -3 cos? B1)
2

(355) Ez +..l_n_ Sf'y +[=3 A2 5in? Bt 4.».3. M sin ¢ sin2 St} ¢)
lp 2

=-Mcos ¢

SCLUTICNS
A. Gravitational Field Effect

The linearized equations in this case are just

(368) & -%’3. S& + 32 £, cos 2 B = %x’ sin 2 Bt
P

{(36v) fz'r.:.’:& S& -3 £ sin? Br=0

P
Define X!-f‘ Of ,““ and let dﬂ‘;-& S , then
P
(37 §+$a§+3x2xcos2ﬂ7-%kzsln2ﬁt-3szgcoszﬁt

The above looks like a Matheiu equation with a driving function except for the
expression involving & . If IxI<<1  then the tem in x (also that in &2 )
can be neglected relative to the right hand side while N\ 1is already small comparcd
to a . For later agplication this turns out to be the case so the following assumes
it
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(38) x+iax= g. A sin 2 Bt

but $in2 Bt e % i (o2iBt _ - 2By

{3 ) '
‘V9) ;’S'f ta x‘ = e 3 t AZ (‘2‘ﬁ' -e" 2lﬁ')
R

Integrating once

(50) ;. a-iat [ =322 (o¥B o 2iBY) giat g
S 4

=-—.3..A2 ( ‘26-" _ Pl 2iﬂ1

)+ Cqe~ iat
4 a+2p a-28

50 if the initial condition is

(41) c,=_3(.&3.,_)

a®~4 [32

Integrating again

(o3 Ay S2iBt o~ 2iffty
(+2) 8 B (Mm +a-.2p)

and if the initial condition is x{o) = o

The camponent foru of the equation in x is thus

(Wha) &= A 3 sin2pt-3 B sin at
212 a

P

+. Cqe” lat +Cy

P

P
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1y fz-__...__._,..-(COSQ t—})4.3é( t-1)
(Lbp) a2-4_32 14 3 fo) . cos a }
B. Megnetic Field Effect

The ilinesrized eguations in this case are just

{452} fx -%'3. ] éz +§_ M £y sin ¢ sin 28t = M sin ¢ () -3 cos? BY)
p

(450) éz+ :-R.S é1 + g. M &3 sin ¢ sin 28t = — M cos &

P
Definé as before x=£1+iéy and a= .:3. S , then
P

(8) ;+§ai+%stlnd,sinﬂhaM[slnd;(l -3coszﬁt)—ico:¢}
The above is a modifled Matheiu equation with a driving function. if, cnce sgain,
Ix} << then the texm in x can be neglected relative to the right hand side

vhile M is assumed small reletive to a . For later application thies is justified

50 making such an assumption there resulis
(47) x+iax=MIsing(1-3cos? Bt) ~icos ¢}

but -3 cos? ﬁ'“l{zn(e"ﬁ’n- 2‘3')} or
4

(48) §+ia;v~M{?.(eziB'+e"2i6')sinq§+%(sin¢+2§cos¢)]
3

Integrating once

(19) x= o~ iat / - M olat [ % (02iBt | o= 2IBY 4o &+ ;.. (sin ¢ + 2i cos ¢} {dt

o2i3t v & 21t sing+ L (cospetain @3}"’ Cy o
av28 = a-1B a 2

-M{%I



so if the initial condition is x (o) =

(50) Ca2= M {cos ¢ ~ 2i :‘i:ﬁf_ sin ¢}
a

al - 4ﬁ2
Integrating sgein

( =2iBt o~ 2iBt
a+2B a-28

(51) xaMié% ) singg - o (cosd;—iasmé;)? +C20 +Cy

&nd if the initial condition is x (o) =

{(52) C1-—%(%sin¢+icos¢)

The component form of the equation in x is thus

-

(53a) &= —g (L) singcos 261+ 2 (.a_;& ) sin & cos a:

a7-1532 a? —JB
+$2cosq$sinat+.::tcos¢-2:2 sinq&]
3 a i ; ; a? -é
=M|2 2 )sm¢sm2&— ( ) sin ¢ sin at
(530) 42 4 B a?-4p? a? - 462

1 1 1

4 = COS ¢ CO$ Qt + com t 8iN P ~ e COS d.»]
al 2a a? -

APPLICATION 70 REBOUND

Fquation (45 a, b) and (53 a, b) give the angular motion of the spacecraft centerline
and not that of the moment of momentum. A cauparison of the vehicle and orbit
parameters shows that the daminant coefficients in these equations are exactly
those associated with the low, or orbital, frequency texms and as such describe

the average angular motion of the moment of momentum since these terms overvhelm

in magnitude the frequencles related to the spin. The form of she angular motion

of the mament of ‘ﬁnentum is nov given for the “wvo field cases in the order,
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(5'\4&) f’* » o

(5kb) &2" ~ Ao (cos 281 - 1

(553') fl.-A} 3

(55b) &2 =Azt+Bsin28e

The magnitude of the deviation for either effect is

2
(55} s =\/ {’1'2 v &

and sppeers in this form in section 2
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